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Abstract 

We explore geometric aspects of bubble convergence for harmonic maps. More pre- 
cisely, we show that the formation of bubbles is characterised by the local excess of 
[^ • curvature on the target manifold. We give a universal estimate for curvature concentra- 

^*^ ' tion masses at each bubble point and show that there is no curvature loss in the necks. 

. , Our principal hypothesis is that the target manifold is Kahler 
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1. Introduction 

K*" I Let E and M be a closed Riemannian surface and a closed Riemannian manifold respec- 

tively. For a map m : E — ^ M we consider the energy functional 
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^^ . where \du\ denotes the norm of the differential du determined by the metrics on E and M. 

^"^ ' The critical points of E{u) are called harmonic maps. For a sequence of harmonic maps 

of bounded energy its weak limit in W''^(E,M) is described by the following celebrated 

theorem of Sacks and Uhlenbeck ITSl . see also ll6l fm . 

[s> ■ 

''jj . Bubble convergence theorem. Let m„ : E — ?► M, where n= 1,2, . . ., be a sequence ofhar- 

C^ ' monic maps of bounded energy. Then it contains a subsequence (also denoted by u„) that 

converges weakly in VK ■ (E,M) to a harmonic map m : E — > M. Moreover, there exists a fi- 
nite number of points {xi, . . . ,Xk} inT, such that Un converges to u in C -topology uniformly 
on compact subsets in the complement of{xi ,... ,x^.} and 

— \dun\ dVolz^—\du\ dVolz + y\mi5xj as measures, 

i=l 

where each m,- > is a sum of the energies of non-constant hannonic 2-spheres in M. 

The theorem says that the loss of energy in the limit is concentrated precisely at the 
points {x\,... ,Xk}, called bubble points. Moreover, as is known I.15J . there is a constant 



e* > 0, depending on the geometry of M, such that m,- ^ e*. The fact that the ot,'s are sums 
of the energies of harmonic 2-spheres, so-called bubbles, allows to obtain more explicit 
estimates for these quantities in some examples. For instance, if M is a complex projective 
space, more generally, a complex Grassmannian, or a unitary group, the values m,- are 
multiples of 4k. The important part of the theorem is the so-called energy identity: there 
is no loss of energy in the necks between the limit map u and the bubbles or between the 
bubbles themselves. For other results describing the formation of bubbles and applications 
we refer to fTP Tl. Similar bubbling phenomena have been discovered and studied for a 
number of other equations, see [5 91, and have been central issues in the non-linear analysis 
for decades since the work ifTSi . 

The purpose of this paper is to study geometric aspects of this phenomenon for har- 
monic maps. To illustrate the basic link between curvature and bubbling we recall the 
following fact. As is known lfT6l . if a domain D C 2 is mapped by the m„'s to a region in M 
where the sectional curvature is non-positive, then the norms \du„ \ (x), where x E D, can be 
bounded in terms of the energy E{u„). In particular, under the hypotheses of the theorem 
no bubbles can appear in D. Thus, intuitively one expects that the appearance of bubbles 
is related to the local excess of positive curvature on the images of maps. Below we make 
this intuition precise when the target manifold M is Kahler. In addition, we obtain explicit 
lower bounds for the energies of harmonic maps, and in particular, lower bounds for the 
energy concentration masses m,. 

Now we outline the organisation of the paper. The principal results are stated in the 
following Sect. |2]below. First, we introduce the curvature densities of harmonic maps and 
describe their properties. These quantities are used to detect bubbling in the sequences of 
harmonic maps, and besides, yield explicit energy bounds. Then we state the main result. 
Theorem 12. 3 1 Loosely speaking, it says that the energy and curvature densities blow up at 
the same collection of points. It also gives a universal estimate for the amount of curvature 
consumed by each bubble. In Sect. |3] we give a background material on harmonic maps 
valued in Kahler manifolds, and explain the properties of the curvature densities. The 
proof of the main result. Theorem 12. 3 1 appears in the following Sect. |4] and |5] The latter 
also contains an account on the bubble tree construction for sequences of harmonic maps, 
necessary to explain the "no curvature loss in the necks" statement. 

This paper is a part of author's programme to link the blow-up analysis for the harmonic 
map problem to the geometry of underlying manifolds. In a forthcoming paper we shall 
study analogous links between curvature and bubbling in the harmonic map heat flow. 
Acknowledgements. During the work on the paper the author has been supported by the EU 
Commission through the Marie Curie actions scheme. 

2. Statements of the main results 

2.1. Kahler targets and curvature densities 

Let E and M be a Riemannian surface and a Kahler manifold endowed with the Kahler 
forms 03z and 03m respectively. For a smooth map u '.T,^ M denote by 

du:T^-°T.^T^''^M and du:T°'^T.^ T^-°M 

the corresponding components of the complexified differential du. By e{u) we also denote 
the energy density (1/2) \du\ , and by e'{u) and e"{u) the squared Hermitian norms \du\ 
and \du\ . They satisfy the relations 

e{u) —e'{u)+e"{u) and (^e' (u) ~ e" (u)) COz — u* COm , (2.1) 



see Sect. |3]for details. 

Let M : E — > M be a harmonic map, that is a solution of the Euler-Lagrange equation for 
the energy 

E{u) = I e{u)dVoli. 
Jm 

As is known jTSlfTTl . each function e^{u) and e"(M) is either identically zero (and then u is 
anti-holomorphic or holomorphic respectively) or has only isolated zeroes. Moreover, the 
isolated zeroes have a well-defined order r - in local coordinates near zeroes the functions 

e'{u) and e"{u) have the form z^'' \ y/\ (z), where | \j/\ (z) does not vanish. 

Definition. Let m ; Z — ?► M be a harmonic map, and suppose that each function e'{u) and 
e"{u) has isolated zeroes only. By the curvature densities q'{u) and q"{u) we call the 
functions defined by the following relations: 

-q'{u)e'{u)(Oz = {u*£l{du{v)),du{v)), 

q"(u)e"{u)(Oi, = {u*Q.{du(v)),du{v)). 

Here i2 is the curvature form on M, (•, •) is the scalar product induced by the Hermitian 
metric onM, and vis a unit vector in T^'^E. If either e'(M) ore"(M) is identically zero, then 
we set q'{u) or q"{u) to be zero identically respectively. 

The relations above define the curvature densities q'{u) and q"{u), as certain norms 
of the pull-back u*£l of the curvature form, everywhere except for the zeroes of e'{u) and 
e"{u) respectively. As is shown in Sect. [3] these singularities are removable. The amount 
of positive curvature related to the energy concentration in the bubble convergence theorem 
will be measured by the non-negative parts of q'{u) and q"{u); they are denoted by q'^{u) 
and g'K^) respectively, 

q'^{u) —max{q'{u),0} and q"^{u) — max{q" {u) ,0} . 

By q+{u) we denote the total positive curvature density, that is the sum q'^{u) +q"^{u). 

Before proceeding we make two remarks. First, intuitively the curvature densities be- 
have like functions that are quadratic with respect to the first derivatives of u. In particular, 
the Cauchy-Schwarz inequality yields the estimates: 

q'+{u) SC \q'{u)\ s; ^/2\£l\e{u), (2.2) 

ql{u) ^ \q{u)\ s; V2|n|e(M), (2.3) 

where |n| stands for the norm of the curvature operator A}-'^T*M -^ A^-^T*M in the nat- 
ural Hermitian metric on the space of (1, 1) -forms, see Sect. [3] Second, as follows from 
definitions, the integrals 

Q'^{u)^ j q'^{u)dVoh and Q'[{u) = f q'[{u)dVoli, 

are invariant under the conformal change of a metric on the domain E, and so is their sum 
Q+{u). 

The following result gives bounds for 2+ («) via the genus p of E, and the multiplicities 
of the zeroes of du and du. 



Theorem 2.1. Let Y, and M be a closed Riemannian surface and a Kdhler manifold re- 
spectively. Suppose that a harmonic map u : Y, ^ M is not anti-holomorphic. Then we 
have 




where /j is the multiplicity of zi, and p is the genus ofL. If a map u is not holomorphic, 
then we have an analogous inequality for Q"^{u): 



Q'i{u)^n[ Y. r'f + l-lp 

\duiz,)=0 

Corollary 2.2. Let u be a harmonic 2-sphere in a Kdhler manifold M. If u is not anti- 
holomorphic (or holomorphic), then the quantity Q'^{u) (or Q'!^{u)) is at least 2%. 

The combination of these inequalities with the estimates (I2.2l l-( l2.3b gives lower bounds 
for the energies of harmonic maps, which seem to have been unnoticed. In particular, for a 
non-trivial harmonic 2-sphere m, we have 

£(m) ^ V2;r(max|n|)"', (2.4) 

where |n| stands for the norm of the curvature operator whose maximum is taken over all 
points in M. This implies also the lower bound for the energy concentration masses m,- in 
the Sacks- Uhlenbeck theorem, and prevents the occurrence of bubbling if the limit amount 
of energy is strictly less than the right-hand side in (12.4b . 

2.2. Bubble convergence via curvature densities 

Let M„ : E ^ M be a sequence of harmonic maps of bounded energy. After a selection of 
a subsequence we can suppose that it converges to a harmonic map u in the sense of the 
bubble convergence. Further, by ( I2.2b -( l2.3b the integrals 2+(m„) are bounded, and we can 
suppose that the measures q+{u„)dVolz converge weakly to some measure dQ+. Our main 
result below shows that the singular part of dQ+ is supported precisely at the set of bubble 
points and establishes an identity for dQ+. 

Theorem 2.3. Let E and M be a closed Riemannian surface and a closed Kdhler manifold 
respectively. Let u„ : "L ^ M be a sequence of harmonic maps of bounded energy that 
converges to a harmonic map u in the sense of bubble convergence, and let {xi, . . . jX^.} 
be the set of the corresponding bubble points. Then the limit measure dQ^ satisfies the 
identity 

k 

dQ+ = q+{u)dVolz + Y, ^Ai, 

i=l 

where each qi ^ In. Moreover, each quantity qt is equal to the sum ofQ^{(j)) ^ 2;r over 
all non-trivial bubble spheres (j) corresponding to the point Xi. 

The theorem says that at a given point x e E the energy blows up if and only if there is a 
"sufficient amount" of positive curvature near the images m„(x). Moreover, each non-trivial 
bubble sphere (p consumes a non-trivial (universally estimated!) amount Q+{(p) of positive 
curvature off the sequence u„. To illustrate the result consider the case when all harmonic 



maps M„ : E — > M in the bubble convergence theorem are holomorphic. Then the curvature 
density q+{u„) is given by the expHcit formula 

1 



q+{un) = -H+{dun{v),du,j{v)) ■ e{un), 

see Sect. [3] where //+(•, •) stands for the non-negative part of the holomorphic sectional 
curvature, and v is a unit vector in T^-^T.. If the holomorphic sectional curvature changes 
sign or has vanishing directions, then the term //+(•, •) above can, in principle, vanish or 
approach zero as n ^- +00. However, by Theorem 12.31 it does not affect the blow up of 
the right-hand side - the curvature density blows up if and only if the energy density e{u„) 
does. Further, if H is an upper bound for the holomorphic sectional curvature of M, then 
for a holomorphic map u we have the following version of inequality (I2.2l i: 

?+(«) =^ y «(«)• 

In particular, if // ^ 0, then the energy of a holomorphic (or anti-holomorphic) sphere u 
satisfies the bound 

E{u)^47t/H. 

The right-hand side here is also the lower bound for the energy concentration masses nij 
at a bubble point Xj whose bubble tree decomposition contains a bubble which is either 
holomorphic or anti-holomorphic. 

We end the discussion with a couple of examples. 

Example 2.1. Let M be a 2-dimensional sphere endowed with an arbitrary Riemannian 
metric. Denote by Km its Gauss curvature, and by K^ the non-negative part niax{KM,0}. 
In this case the curvature densities q'{u) and ^"(m) are given by explicit formulas, see 
Sect. [3] Their analysis shows that the energy estimate ( I2.4l i for a bubble sphere can be 
improved to 

E{u) ^47t{miixK^y\ 

Besides, the blow-ups of the curvature densities q'_^_ (m) and q"^_ (m) are responsible precisely 
for the occurrence of holomorphic and anti-holomorphic bubbles respectively. 
Example 2.2. Let M be a complex projective space CP" with constant holomorphic sec- 
tional curvature c. The formulas for the curvature densities in Sect. [3] show that for any 
(not necessarily holomorphic or anti-holomorphic) harmonic non-trivial sphere its energy 
is bounded below by 4n/c. As in the example above, the blow-up of the quantity q'^{u) 
(or q'_l{u)) implies the blow-up of the corresponding part of the energy e'{u) (or e"{u) 
respectively). Besides, if for a given bubble point jc, every bubble (p in its bubble tree 
decomposition is such that 

d(j>{TxS ) is contained in a 1 -dimensional complex subspace of r„f^)CP" 

for every x e S^, then the converse holds; that is, the quanity q'j_{u) blows up if and only if 
so does e'{u). 

3. Harmonic maps into Kahler manifolds 

3.1. Preliminaries 

Let (E,g) and {M,h) be a Riemann surface and a Kahler manifold respectively. In local 
complex coordinates the Hermitian metrics g and h have the forms 

g — g ■ dzdz and h — h^odu"'du'^ . 



For a smooth map u-.Y.^ M the differentials du and du in local coordinates correspond to 
the matrices (m") and (m?). In particular, the holomorphic and anti-holomorphic parts of 
the energy e'{u) and e"{u) in this notation are given by the formulas 

e'{u)^-h^puful and e"{u) ^ -h^puful . (3.1) 

o o 

The relations in ( 12.1b follow now by straightforward calculation; the details can be found 
inHa. 

The harmonic map equation, that is the Euler-Lagrange equation for the energy E{u), 
has the form 

4 + ®^r"f4 = 0' (3.2) 

where {&ay) stand for the connection form = ©aydu' corresponding to the Hermitian 
connection on T^-^M, see f3l. If (H? ) is the curvature form matrix 

Q.'^=k'^ ,du^Adu^, where K^ = = ^(©L), 
then the curvature densities, introduced in Sect. |2l can be written as 



-q'iu)e'iu) = -^K.-,{ul4 - 44^4, (3.3) 



q"{u)e"{u) ^ —K^p^g{44 ~ «J"f )"f "f • (^.4) 

o 

As was observed by Wood IfTTl . for a harmonic map u :!, ^ M the singularities of q'{u) 
and q"{u) at the zeroes of e'{u) and e"{u) respectively are removable. This follows from 
the fact that the vector bundle u*T^'^M admits a holomorphic structure such that (9m is its 
holomorphic section, see liTJ. Hence, near an isolated zero it can be written in the form 
z'^V/(z), where i//(z) is a non-vanishing section, and the claim follows from relation ( 13.31 ). 
The statement for q"{u) is obtained in a similar fashion. 

We proceed with the examples when the curvature expressions on the right-hand sides 
in ( 13.3b -( 13.41 ) can be easily analysed. First, for a holomorphic map u we have the following 
explicit formula 

q'(u) = -H{du{v),du{v))e'{u), (3.5) 

where H{-,-) denotes the holomorphic sectional curvature, 

^H(X,X) = -{KiX,X)X,X)/\X\\ 

and V is a unit vector in r'-^E. An analogous relation for q"{u) holds also for anti- 
holomorphic maps. When M has complex dimension one, the curvature components K^^o g 
reduce to the one non-trivial value {—1/2)Km, where Km is the Gauss curvature. In this 
case the quantities q'{u) and ^"(m) are given by the following formulas: 

q'{u) = -KM{e'{u)-e"{u)), 
q"{u)^~^KM{e'{u)~e"{uj). 



Further, if the holomorphic sectional curvature of M is constant and is equal to c, then 

c 

and q'{u) and q"{u) have the form 

q'{u)^'-{{e\u)-e"{u)) + a{u)e"{u)), 

q"{u)^-'-{{e\u)~e"{u))-a{u)e'{u)), 

where ^ o{u) ^ 1/2. Moreover, as is shown in IfTSlfTTl . the value o{u){x) vanishes 
if and only if the image of du{x) is contained in a complex one-dimensional subspace of 

We proceed with the Bochner-type formulas for Ae'(M) and Ae"{u) due to i fTSl [iTl . 
First, we introduce more notation. By the Laplacian A we mean below the non-negative 
operator on E, which in local coordinates has the form 

4 d^ 



gdzdz 

For a map m : E ^- M by /3'(m) and /3"(m) we denote the (1,0)- and (0, l)-parts of the 
derivatives of du and du in the natural connections on the bundles Hom(r^'''E, T^'^M) 
and Hom(r'' 'E, r^'^M) respectively. The proofs of the following statements can be found 
in|[T3][T2l. 

Proposition 3.1. Let E andM be a Riemannian surface and a Kdhler manifold respectively. 
Then for any harmonic map u : Y, ^ M we have the following relations 

1 , ,7 1 

-Ae'{u) = - \j3'{u)\ +q'{u)e'{u) - -Ki,e'{u), 

^Ae"{u) = ~\li"{u)\^ + q"{u)e'{u)^^Kze"{u), 
where K-^ is the Gauss curvature ofL. 
Corollary 3.2. For a harmonic map u :Y, ^>- M the following relations hold 

-Aloge'(M) = -a'{u)+q'{u) - -K^, 

iAloge"(M) - -a"(M) +/(«) - ^K^, 

where a'{u) and a"{u) are non-negative quantities. The relations are understood to hold 
at every point in E where e'{u) ^0 or e"{u) ^ respectively. 



Finally, note that if a map u is holomorphic, then by ( 13.51 1 the first relation in Prop. 13.1 1 
takes the form 

Ue'{u) = - |j3'(«)|' + Ui{du{v),My)){e'{u)f - ^K^e'iu). (3.6) 

This is a known Bochner-type identity for holomorphic maps due to |l2] (TOj for which the 
Kahler hypothesis on the target M is unnecessary. In particular, the first relation in Cor l3.2l 
holds for holomorphic maps into an arbitrary Hermitian manifold. 



3.2. Proof of Theorem \2.1\ 

Suppose that u is not anti-holomorphic. Then the differential du has only isolated zeroes 
Zi E T.; by rj we denote their orders. Excising small disks D, centred at z,, by Stokes' 
formula we obtain 

Aloge'(u)(X)z — Y / -^\oge'(u)ds. 
I\UA jJdDi on 

Parameterising the boundary dDi as r • e'^, where 9 G [0,2;r], we compute the integrals on 
the right-hand side: 



^ \oge'(u)ds^ —\ogr^''irde + 0(r)=Anr' + 0(r). 
dDi "" ^0 or 



Now integrating the first formula in Cor. 13. 21 over E\ UZ),, and letting the radii of the D,'s 
to zero, we obtain 

By the Gauss-Bonnet formula the last integral equals 4;r(l — p), and we finally obtain 

Q'4u)^7tlyr',+2-2py 

In the case when a map u is not holomorphic, the analogous bound for 2+ («) is derived in 
a similar fashion. D 

4. Proof of Theorem 12.3 1 curvature and energy concentration 

4.1. Preliminaries: key lemma 

Let D be a unit disk in C, equipped with a Euclidean metric, and dV be its Lebesgue 
measure. By D^n we denote a disk centred at the origin of radius 1 /2. The following bound 
for the Lp-norm of a positive function in terms of its Lj-norm is an important ingredient in 
the proof of Theorem 12. 3 1 It is essentially a consequence of Reshetnyak's analysis in lfT2l 
combined with a version of Schwarz lemma for subharmonic functions. We state it in the 
form close to the one in [ 14|. 

Lemma 4.1. Let (p E L (D) be a function such that A^ e L (D). Suppose that 

{A(pydV s^ K- < 4;r, 



D 



where (A^)+ = max{A^,0}. Then for any I ^ p < 47t/K there exists a constant C{p, k) 
such that 



Below we outline the proof of the lemma. First, recall that for any compactly supported 
measure jU on C a function v is called its logarithmic potential, if it solves Av = /i among 
locally integrable functions and 

(2a:v(z)+^(C)log|z|)^0 as |z| ^ oo. 



Such a potential is unique, and is given by the Riesz formula 

v{z) = -^J^log\z-^\d^i{Q. (4.1) 

The following Lp-estimate on e*' is a version of a statement in lfT2l p. 251] (Theorem 3.1). 
The Lp-norm below is understood in the sense of the Lebesgue measure. 

Proposition 4.2. Let fU, be a compactly supported measure and v be its logarithmic poten- 
tial. Then for any p ^ I such that < pi{D) < 47t/p we have 

e \,nir,\ ^ 



1^(0)=^ 1^5 + 2 
where 5 = {-pfi{D)/2n). 
Proof. By Jensen's inequality [81, we have 

By the Riesz formula, the left-hand side here is precisely e^^', and Fubini's theorem yields 

where the interior integral is bounded by (2k ■ 2 +^)/(5 + 2). D 



For a proof of Lemma BTTI we also need the following version of Schwarz lemma; its 
proof can be found in llT4l . 

Proposition 4.3. Let w be a subharmonic function on the unit disk D, Aw ^ 0. Then for 
any z (z D we have 

gH.(z) ^ L^ f gv^y. 

7r(l - |z|2)2 7o 

Proof of Lemma WJ] Define a measure jU on a unit disk by setting djJ. to be equal to 
[A(p)^dV. Denote by v its logarithmic potential and by w the difference {(p — v). Clearly, 
the latter is subharmonic: 

Am;=-(A^)" <0, 

where (A^)^ ~ max{— A^,0}. By Riesz formula ( 14.11 ). we have 

and hence 

/ e'^dV ^ 2'^/^;: f ^vjv. 
Jd Jd 

Applying Prop. l4.3l to w, we conclude that 



e"'(^UCi(K-) f efdV 
Jd 

for any z£ Din. On the other hand, by Prop. 14.21 we have 

k''lL/.(D)«^C2(/?,K-). 

Now the claim follows by the combination of the last two inequalities: 

\^'^\u'{D,„) < supe"' • \e\„^o^ < C{p, K) |e'PL,(a) . 



D 



4.2. Controlling the energy via Q+{u) 

We proceed with the proof of Theorem 12.31 Here we show that the discrete part of the 
hmit measure dQ+ is supported precisely at the set of bubble points {xi , . . . ,X|t}. Let x be 
a point that belongs to the support of the discrete part of dQ+, that is dQ+ [x) > 0. Then by 
inequalities (I2.2l i-( l2.3l l, it is a bubble point. Now we prove the converse - for every bubble 
point X; the mass dQ+{xi) is positive and, moreover, is at least n/2. 

Suppose the contrary: there exists a bubble point x, such that dQ+ (x;) < n/2. Since the 
point X, is isolated in the discrete part of dQ+, there exists an open disk D C E, centred at 
Xi, such that 

q+iu„)dVok + - f \Kz\dVok < 7 < J 



ID 2Jd' ' 4 2 

for a sufficiently large n. Combining this with the relations in Cor. 13.21 we conclude that 

{A\oge' {u„)y dVok !^K<27t, 

(Aloge" {u„))^ dVok ^K<2n. 
Id 

Assuming that the metric on D is conformally EucUdean, we now apply Lemma 14.11 to 
conclude that 

k(««)lL/'(Di/2) < k'(««)|L/'(D,/2) + k"("n)lL/'(Di/,) ^ 2C {p , k)E {u„) , (4.2) 

where 1 ^ p < 4n/K. In other words, since the energies are bounded, so are the ^{D^n)- 
norms of the e(M„)'s. 

For a proof of the claim it is sufficient to show that the sequence e{u„) is bounded in 
W^^''(Di ;g) for some r> I. Indeed, embedding the latter space into C''(Z)i «), see [4|, we 
conclude that the e(M„)'s are uniformly bounded in Dwg what contradicts the supposition 
that X, is a bubble point. 

We prove the boundedness in W^''(Z)i/8) separately for the sequences e'{u„) and 
e"{u„). First, we show that 

I^^'(«)|l'(Di,4) =^ <^1 kK)lL2'-(£.,/2) +^2 (4.3) 



for some constants Ci and €2- By the first relation in Prop. 13.11 for this it is sufficient 
to get the corresponding estimates on the quantities |j3'(m„)| and q' {u„)e' {u„) . The esti- 
mate for the Lr-norm of the second quantity is a straightforward consequence of inequal- 
ities (I2.2b -( l2.3l l. The estimate for |j3'(m„)| follows from the form of the harmonic map 
equation together with Schauder estimates in Sobolev spaces. In more detail, embedding 
M isometrically into a Euclidean space and using the extrinsic form of the harmonic map 
equation lfT6ll . we conclude that 

where {u'„) are the coordinates of the map u„ viewed as a map into the Euclidean space. 
Further, by Schauder estimates [4, Th. 9.1 1] we obtain 

where C4 depends on the embedding of M. The combination of these inequalities yields 
the L*" -bound on the second derivatives of the m„'s, and hence the L^'^ -bound on |)3'(m„) | . 
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Now we set p in inequality ( 14.21 1 to be 2r. Since K < 2n, choosing p sufficiently close 
to 4n/K, we can suppose that r > 1. Under the hypotheses of the theorem the energies 
E{u„) are bounded, and the combination of inequalities ( 14.21) and ( 14.31) implies that so is 
the sequence Ae'(M„) in the space L' (D1/4). Using Schauder estimates ||4l Th. 9.1 1] again, 
we obtain 

Thus, the sequence e'{un) is indeed bounded in W^''^(Bi /g) as was claimed. The bounded- 
ness of the sequence e"{u„) can be demonstrated in a similar fashion. D 

5. Proof of Theorem l2.3t bubble tree decomposition 

5.1. Background material on the bubble tree construction 

We start with recalling the bubble tree construction for sequences of harmonic maps. It is 
used in sequel for the proof of the curvature identity for the limit measure dQ+ in Theo- 
rem l2.3l We follow closely the exposition in the paper 1 11 1 by Parker, where further details 
and references on the subject can be found. 

The construction is based on the following, by now standard facts, proved in (jTSj. 

Proposition 5.1. For a Riemannian manifold (M,h) there exist positive constants C* and 
e* such that 

(i) Ifu ; D2, -^ M is a harmonic map from a Euclidean disk of radius 2r and its energy 
£^2r(") — Id ^(") '■* not greater than £*, then 

sup\du\ ^Ctr^^E2riu). 

Dr 

(ii) If Un : D2, -^ M is a sequence of harmonic maps with E2r{un) < £* for all n, then it 
contains a subsequence that converges in C^. 

(Hi) Any non-trivial harmonic map u: S ^ M has energy E{u) ^ e*. 

(iv) Any smooth finite-energy harmonic map from the punctured disk D\ {0} to M extends 
to a smooth harmonic map on D. 

The combination of these facts with a covering argument is sufficient to conclude that 
a sequence of harmonic maps u„ of bounded energy converges in C' away from the bubble 
points {x\ ,... ,xii}, and 

k 

e{un)dVolz ^ e{u)dVolz + y\mi5;t., (5.1) 

i=i 

see ifTSlfTTIl . Now we focus on one bubble point jc,-. The bubble tree construction involves 
a few steps and depends on a "renormalisation constant" Cr < e*/2, which will be chosen 
to be sufficiently small, see Prop. 15.21 Below we adopt the convention of denoting a subse- 
quence of (m„) by the same symbol. The proofs of auxiliary Claims I5n45. 41 we refer to ifTTl 
Sect. 6]. 

Step 1: renormalisation. Let D be a neighbourhood of x, that does not contain other bubble 
points. We can suppose that the metric on D is conformally Euclidean and regard D as a 
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disk D(0,4p) in the Euclidean plane. By dV we denote the Lebesgue measure on D. Let 
e„ be the largest number such that e„ ^ min{p, 1/n} and 

/ e{u)dV ^ -^. (5.2) 

Jd{0.2£„) Ion'' 

Denote by D„ the disks D{0,2e„) and by c„ = {cl,,c^,) the centre of mass corresponding to 
the measure e{un)dV on D„, 

4 = fj xJe{u„)dVj I fj e{u„)dVj . (5.3) 

Further, let A„ be the smallest X such that 

e{u„)dV ^ Cr, 



I 

Jdi 



Jd{c„,£„)-D{c„J) 

where Cr is the renormalisation constant. 

Claim 5.1. After passing to a subsequence, we have |c„| ^ £„/2n , A„ ^ £n/n ■ Besides, 
there exists a constant C such that the image u„{dD„) lies in the ball B{u{x),C /n) in M. 

We use the centres of masses c„'s and the scales A„'s to define the renormalisations 

Rn{z) = A„-z + c„, 
and the renormahsed maps 

Un = R*nUn : S„ ^ M , 

where S„ — R~^D„. By Claim ISTI and the definitions of the c„'s and A„'s, the domains 5„ 
exhaust the whole Euclidean plane. By the conformal invariance, the energies E{u„) are 
also bounded. Further, we have the following statement. 

Claim 5.2. The renormalised maps il„ are harmonic with respect to the Euclidean metric 
on R . The measures e{un)dV have centres of mass in the origin and satisfy the relations 



lim / e{il„)dV=mi and lim / e{ii„)dV = Cr. 

" JSn JVi?\D{Q.\) 

Step 2: constructing a bubble. Now we find a convergent subsequence of (m„). Choose a 
sequence K,„ of compact sets that exhaust R^. For each m= 1,2,... one can apply Prop. 15.1 1 
together with a covering argument to find a subsequence (m„) that converges away from a 
finite number of points. Taking a diagonal subsequence we obtain a new sequence that 
converges in C^ on compact sets in R^\{3;i , ... ,3;^} to a smooth map m : R^ — > M. 

Identify R^ via the stereographic projection with the unit sphere 5^ C R^; we suppose 
that the north pole /:>+ is mapped to the origin, the south pole p^ to infinity, and the equator 
to the unit circle. The conformal invariance of energy implies that the limit map u has finite 
energy, and by the statement (/v) in Prop. 15.1] extends to a harmonic map from S^ to M, 
called bubble sphere. Also by the convergence of the m„'s, we conclude 

I. 
e{u„)dVol^i -^ e{u)dVol^i + ^ fhj5yj + v(x,)5p- , (5.4) 

;=i 

where each nij'^ e^. 
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Claim 5.3. Each secondary bubble point yi lies in the northen hemisphere ofS. Further, 
if E{ii) < £*, then U is a constant map and either there are at least two secondary bubble 
points, i ^ 2, or there is only one bubble point and v(x,) = Cr. 

We can now iterate this renormalisation procedure, thus obtaining bubbles on bubbles. 
By Claim 1573] each iteration decreases the corresponding concentration masses by at least 
Cr. Hence, the process terminates after a finite number of iterations. The result is a finite 
tree of bubbles whose vertices are harmonic maps (the limit map u and the bubble spheres) 
and the edges are bubble points. We now describe a partitioning of the initial maps u„ that 
keeps a more careful track of what is happening near the south pole. 

Step 3: partitioning. Inside the disk D„ we identify three domains: the disk D{cm£n), the 
smaller disk D{cn , nA,„), and the annulus A„ between them. Considering each bubble point 
Xi and restricting the initial maps on these domains yields the following sequences of maps: 

Base maps. These are obtained by restricting the maps u„ to the complement of D(c„,e„) 
for each bubble point. The image of the boundary near the point x,, by Claim lSTl is mapped 
into the ball B{u{xi),C/n). We extend u„ overD(c„,e„) by coning off the image: 

r 

u„{r,0)^—Un{e„,0), (5.5) 

where (r, 9) are polar coordinates in D{cn,£n), centred at c„, and the multiplication on the 
right-hand side is understood in geodesic coordinates in B{u{xi),C/n). Performing this at 
each bubble point, we obtain maps Hn '.T.^ M. 

Bubble maps. Restricting m„ to the disk D{c„,nX„) and renormalising gives the map m„ 
from D{0,n) to M. Regarding the latter as a map from the unit sphere and coning over the 
south pole, yields a bubble map Ru„i : S^ ^ M, where the index / refers to the bubble point 
Xi under consideration. 

Neck maps. These are restrictions of the initial maps m„'s to the annular region A„, that is 
the difference D{c„,£„)\D{c„,nX„). 

The base maps are constructed to converge to the limit map u. The maps u„ of Step 1 
are now decomposed into the bubble maps, which converge on 5^ to the bubble m, and 
the neck maps, which are pushed to the south pole as « ^ +oo and account for the term 
v{xi)5p- in ( 15.41 ). More precisely, we have the following statement. 

Claim 5.4. After a selection of a subsequence, we have: 

(i) [{„—>■ u in W^ O C on the surface E; 

(//) Ru„i — > M /n W' nC on compact sets in the complement of {yi, . . . ,ye} in S ; 

(Hi) the energy concentration v(jc,) at the south pole is equal to limsup£'(M„|A„); 

(iv) the fallowing energy identity holds 

k , 

E(un) -^ E(u) + Y ( v(x,) +lim£'(/?M„ ,) 

1=1 

We end the discussion with the following statement that describes two fundamental 
properties of the bubble convergence: no energy loss in the necks and zero distance bub- 
bling. For a proof we refer to ifTTIl . 
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Proposition 5.2. For a sufficiently small renormalisation constant Cr at each bubble point 
Xi there is no energy loss in the necks- the mass v(x,) vanishes, and hence we have 

k 

E{un) —>£(«) + y'lim£'(7?M„,). 

Further, the neck length diam(M„ (A„)) converges to zero. In particular, at each bubble point 
Xi the images of the base map u and the bubble sphere H meet at m(x,) ~ u{p^). 

5.2. Curvature concentration respects the bubble tree 



Now we finish the proof of Theorem l2.3l First, since the maps m„ converge to the hmit map 
u in C^-topology on compact subsets of the complement E\{xi, . . . ,x^} one concludes that 

k 

q+{un)dVolz -^ q+{u)Volz + Y^qidxi. 

i=\ 

Besides, as was proved in Sect. |4] each qt ^ n/2. Below we go through the steps of the 
bubble tree construction to show that each qt is a sum of 2+(0) over all bubble spheres ^ 
in the bubble tree corresponding to the point Xi. The estimate 2+(0) ^ 2n, and hence the 
improvement qt ^ 2n, follow then from Cor 12.21 

Step 1: renormalisation. Let jt,- be a bubble point and m„ = /?*«„ be the renormalised maps. 
We claim that the following relation holds: 



hm / q+{iln)dV — qt- 

Indeed, it is straightforward to check that 

/ q+{un)dV = q+{u„)dV. (5.6) 

Js„ Jd„ 

Up to a selection of a subsequence, we can suppose that the original maps u„ are such that 

o 7 qi^ q+{u„)dV ^ o 9 g' ^^^ / q+{u„)dV ^ -Aj. (5.7) 

8n^ Jb„ 8«^ Jd„\b„ 8n^ 

This follows by repeating the argument in |11 p. 628], used to prove Claim ISTI These 
relations imply that the right-hand side in ( 15.6b converges to qi, thus demonstrating the 
claim. 

Step 2: constructing a bubble. In this step we find a subsequence of (m„) that converges on 
compact subsets of R^\{3;i , ... ,yji} to a smooth map m : R^ ^ M. The latter, regarded as a 
map from S^, is a bubble sphere. Viewing all maps m„ as maps from S^, we have 

e 
e{il„)dVolg2 -^ e{ii)dVolg2 + 2_^ '^jSyj, 



where each mj ^ e*. Here we used Prop. 15.21 according to which there is no energy loss at 
the south pole. Repeating the arguments in Sect. |4l we obtain 

e 
q+{u„)dVolg2 -^ q+{ii)dVolg2 + ^ qj5^.j + r]{xi)5p- , 
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where each qi ^ Ti/2, and the term r\{xi) accounts for a possible curvature loss at the south 
pole. 

Step 3: partitioning. Now we prove the following two statements: 

(i) the curvature concentration r\{xi) at the south pole is equal to Iimsup2+(M„|A„); 
(ii) the following curvature identity holds: 

k , 

G+(m«) -^ Q+{u) + y (ri{xi)+\imQ+{Ru„,, 
1=1 

First, we note that the amount of curvature on the cone extensions, used to define base 
and bubble maps, is small. More precisely, the energy of the cone extension ( 15.51 ) can be 
estimated as 

/ e{u„)dV s; C/n^ 

for some constant C, see [HT p. 630]; a similar estimate also holds for the cone extension 
of the bubble maps Ru„. Now combining inequalities (I2.2b -( l231 l with the estimate above, 
we obtain 

/ q+{u„)dV ^ C/n 

Jd{c„.£„) 

for some constant C; similarly, one can estimate the curvature quantity for the cone exten- 
sion of Ru„ i. Since the partitioning amounts for all the curvature, we conclude that 



k 

Q+{u„)^Q+{u)+limY^ {Q+{u„\A„,i) + Q+(RiIZi)) ■ 
1=1 

The statement (/) follows by repeating the argument in ifTTl p. 631], used to prove 
Claim 15741 in combination with inequalities ( I2.2l l-( |23] |. The relation above together with 
the statement (/) yield the statement (//). 

We end with explaining that at each bubble point Xj there is no curvature loss in the 
neck - the quantity 7] (jc,) vanishes. Indeed, using inequalities ( I2.2l i-( I2.3I ) again, we have 

Q+{u„\A„j) i^2V2max\Q.\- E{u„\A„j). 

Thus, the statement (;) and Claim 15741 yield 

r]{xi)^2V2max\Q.\-v{xi), 

where v(x,) is a possible energy loss in the neck. By Prop. 15.21 the quantity v(x,) vanishes, 
and hence so does rj (xi). This shows that the curvature mass qi satisfies the relation 

e 
qi = Q+{u) + Y,qj, 
J=l 

where 5 is a bubble sphere and the sum is taken over the secondary bubble points. Iterating 
the procedure, we obtain that qi is indeed a sum of Q+{(j)) over all bubble spheres (j) in the 
bubble tree at X, . D 
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6. A few remarks 



1. Mention that when the sequence m„ in Theorem |23] consists of holomorphic or anti- 
holomorphic maps, then the Kahler hypothesis on M is unnecessary. More precisely the 
following statement holds: 

Let H and M be a closed Riemannian surface and a closed Hermitian manifold respectively. 
Let u„:Y,^ M be a sequence of holomorphic maps of bounded energy that converges to a 
holomorphic map u in the sense of bubble convergence. Then the limit curvature measure 
dQ+ satisfies the conclusions ofTheorem \2.3\ 

The proof follows the same line of argument as in Sect. |4] and |5] The key point is that 
the Bochner identities in Sect. [3] continue to hold for holomorphic maps into an arbitrary 
Hermitian manifold. So does the energy estimate 

E{u)^4-7:/H, 

where H is an upper bound for the holomorphic sectional curvature, for holomorphic 
spheres. 

2. If a metric on the domain surface E is allowed to vary, and the corresponding complex 
structures stay in a compact region in the moduli space, then the Sacks-Uhlenbeck bubble 
convergence theorem still continues to hold, see IfTTl fTII. and so does Theorem 12. 3 1 How- 
ever, if the complex structures leave each bounded region, then the bubble tree convergence 
can fail; in particular, there can be energy loss in the limit. It is interesting to know whether 
this energy loss can be detected by the curvature quantity Q+{u). 

3. The no curvature loss in the necks statement, explained in Sect. |5] is essentially a con- 
sequence of the corresponding statement for the energy, see Prop. 15 .21 However, it is inter- 
esting to know its proof that does not rely on Prop. 15.21 

References 

[1] Chen, J., Tian, G. Compactification of moduli space of harmonic mappings. Comment. Math. 
Helv. 74 (1999), 201-237. 

[2] Chem, S. S. On holomorphic mappings of Hermitian manifolds of the same dimension. Proc. 
Symp. Pure Math. Vol. 11, Amer. Math. Soc, 1968, 157-170. 

[3] Eells, J., Lemaire, L. Selected topics in harmonic maps. CBMS Regional Conference Series in 
Mathematics, 50. AMS, Providence, RI, 1983. v+85 pp. 

[4] Gilbarg, D. Trudinger, N. S. Elliptic partial differential equations of second order. Reprint of 
the 1998 edition. Classics in Mathematics. Springer- Verlag, Berlin, 2001. xiv-F517 

[5] Gromov, M. Pseudoholomorphic cun'es in symplectic manifolds. Invent. Math. 82 (1985), 307- 
347. 

[6] lost, J. Two-dimensional geometric variational problems. Pure and Applied Mathematics. John 
Wiley & Sons, Ltd., Chichester, 1991. x-l-236 pp. 

[7] Kozul, J. L., Malgrange, B. Sur certaines structures fibrees complexes. Arch. Math. 9 (1958), 
102-109. 

[8] Lieb, E. H., Loss, M. Analysis. Second edition. Graduate Studies in Mathematics, 14. American 
Mathematical Society, Providence, RI, 2001. xxii+346 pp. 

[9] Lions, P.-L. Ttie concentration-compactness principle in the calculus of variations. The limit 
case. I, II. Rev. Mat. Iberoamericana 1 (1985), no. 1, 145-201, no. 2, 45-121. 



16 



[10] Lu, Y. C. Holomorphic mappings of complex manifolds. J. Differential Geom. 2 (1968), 299- 
312. 

[11] Parker, T. H. Bubble tree convergence for harmonic maps. J. Differential Geom. 44 (1996), 
595-633. 

[12] Reshetnyak, Y. G. Isothermal coordinates on manifolds of bounded curvature. I, II. (Russian) 
Sib. Math. J. 1 (1960), 88-116, 248-276. 

[13] Toledo, D. Harmonic maps from surfaces to certain Kdhler manifolds. Math. Scand. 45 (1979), 
13-26. 

[14] Troyanov, M. Un principe de concentration-compacite pour les suites de .surfaces riemanni- 
ennes. Ann. Inst. H. Poincare Anal. Non Lineaire 8 (1991), 419^41. 

[15] Sacks, J., Uhlenbeck, K. The existence of minimal immersions of2-.spheres. Ann. of Math. (2) 
113 (1981), 1-24. 

[16] Schoen, R. Analytic aspects of the harmonic map problem. Seminar on nonlinear partial differ- 
ential equations (Berkeley, Calif., 1983), 321-358, Math. Sci. Res. Inst. Publ., 2, Springer, New 
York, 1984. 

[17] Wood, J. C. Holomorphicity of certain harmonic maps from a surface to complex projective 
n-space. J. London Math. Soc. (2) 20 (1979), 137-142. 



17 



